Abstract We extend the Born-Oppenheimer type of approximation scheme for the Wheeler-DeWitt equation of canonical quantum gravity to arbitrary orders in the inverse Planck mass squared. We discuss in detail the origin of unitarity violation in this scheme and show that unitarity can be restored by an appropriate modification which requires back reaction from matter onto the gravitational sector. In our analysis, we heavily rely on the gauge aspects of the standard Born-Oppenheimer scheme in molecular physics.
Introduction
In the search for a more fundamental theory, it is of the utmost importance to understand the connection of the new theory with existing and empirically established theories. This holds, in particular, for the goal of constructing a theory of quantum gravity. By now, various approaches exist, but there is no agreement on which is the right one [1] . One necessary requirement for any approach is that its semiclassical limit contains classical gravity and quantum field theory in a background spacetime. Understanding this limit could also enable one to go beyond it and calculate quantum gravitational correction terms that can potentially be observed and could thus serve as a test for the theory.
One conservative but promising approach is canonical quantum gravity in the metric variables. Unlike, for example, string theory, this is not a unified theory of all interactions. But it is still expected to give reliable information about gravity in the quantum realm [2] : if one rewrites Einstein's equations into Hamilton-Jacobi form and formulates (in the spirit of what Schrödinger did for mechanics in 1926) quantum wave equations from which the Hamilton-Jacobi form can be recovered in the WKB limit, one necessarily arrives at the equations of quantum geometrodynamics. These equations should thus hold, at least approximately, as long as the linear structure of quantum theory remains valid. It should then be possible to extract meaningful predictions from this framework such as the ones discussed here, which concern quantum gravitational corrections to the limit of quantum field theory in curved spacetime.
The central equations of canonical quantum gravity are four local constraintsthe Wheeler-DeWitt equation and three momentum (diffeomorphism) constraints. Their semiclassical limit has already been studied in a variety of ways, see [1] and the references therein. What we want to add here are essentially two things. First, we want to extend the previous expansion scheme of [3] to arbitrary orders in the appropriate parameters. And second, we want to comment on the issue whether quantum gravitational correction terms break the usual unitarity of quantum theory or not. The latter point is clarified by drawing an analogy with the gauge structure of the Born-Oppenheimer approach in molecular physics.
To be more concrete, we consider the Wheeler-DeWitt equation in the following form: 
Here, indices a, b, . . . represent a symmetric double index and ha denotes the spatial three-metric; G ab is the DeWitt metric. The variable φ represents a (bosonic) matter field with Hamiltonian Hm that only depends parametrically on ha. The parameter M := c 2 /32πG ≈ 1.34 × 10 25 kg/m is related to the square of the (reduced) Planck mass M P = c/8πG by M = cM 2 P /4 ; M resp. M/ ≈ 1.27 × 10 59 s/m 3 will be the appropriate formal parameter for the Born-Oppenheimer scheme below. Finally, V := −2c 2 √ det haR denotes the gravitational potential with R as the three-dimensional Ricci scalar. The functions ga are introduced to parameterize factor ordering ambiguities. In the arguments of the wave functionals, we will often suppress the indices of the three-metric for simplicity.
The limit of quantum field theory in curved spacetime has been derived by two different but closely related expansion schemes. One is a direct expansion with respect to the parameter M in (1) [3] , the other is a more or less direct application of the molecular Born-Oppenheimer scheme [4, 5] ; its main difference lies in the treatment of back reaction on the gravitational sector and the preservation or violation of unitarity in the matter sector. A recent comparison can be found in [6] and in the Appendix of [7] .
In the first approach, the correct limits of classical gravity and the functional Schrödinger equation of quantum field theory in a fixed curved background can be obtained from (1) by making the ansatz [3, 1] 
together with a WKB-like expansion in M −1 for χ and ψ. 2 For the Wheeler-DeWitt equation, this approach resembles the traditional Born-Oppenheimer ansatz of molecular physics with zero total energy.
3 There is, however, an important difference to molecular physics. We use the ansatz in (2) to derive a semiclassical limit for ψ alone, accompanied by the recovery of a semiclassical (WKB) time parameter (more precisely, a local many-fingered time) through a corresponding functional χ. We also want to interpret ψ by itself as a meaningful wave functional. We do so by deriving its functional Schrödinger equation from (1), which results from a choice of functional χ. We then face the problem of choosing a reasonable χ.
This problem becomes more apparent by noting that the solution of (1), Ψ , is invariant under a rescaling of χ and ψ of the form χ → e A χ, ψ → e −A ψ for an arbitrary complex valued functional A[h]. Since in the semiclassical approximation to quantum gravity a time parameter is defined through a functional depending on h (see below), the freedom to choose a "gauge" A[h] will influence the time evolution of both χ and ψ and can thus have consequences for unitarity. By unitarity we here mean the conservation of the standard Schrödinger inner product for the matter wave function ψ with respect to semiclassical (WKB) time. Note that the gauge freedom of A[h] is the same as the one that leads to the gauge theory of molecular physics (see, for example, [10] and [11] ), although there one restricts to transformations that leave ψ normalized to unity, that is, A is purely imaginary, and the gauge group is the unitary group, see section 2 for more details. As we want to interpret such a ψ and the equation governing its evolution physically, we need a guiding principle for the choice of an appropriate gauge A[h]. Such a principle will be proposed and applied in the present paper.
Our paper is organized as follows. In section 2, we outline the underlying gauge structure of the Born-Oppenheimer scheme, which is crucial for our discussion. In section 3, we follow the ansatz of [3] where χ is taken to be a solution to the vacuum Wheeler-DeWitt equation. Within this framework, we derive a formal expression containing all quantum gravitational corrections at successive orders of M −1 . In section 4, we then show how to choose χ such that ψ obeys a unitary time evolution, and demonstrate the similarity of the calculations in the functional Schrödinger picture for ψ to the traditional Born-Oppenheimer approach, where one considers the equation for χ (the "nuclear wave function") after restricting the gauge group to the unitary group (i.e. with A[h] purely imaginary). Both of these approaches will yield the correct limits of classical gravity and quantum field theory in a fixed curved background spacetime, but the quantum gravitational corrections will turn out to be different. The last section contains a brief summary and an outlook on possible applications.
Lessons from molecular physics
In this section, we start by following the standard treatment presented, for example, in [10] and [11] and continue by making further elaborations which are relevant for the unitarity issue.
In the Born-Oppenheimer approximation of molecular physics, one considers molecules which consist of interacting nuclei and electrons. Because the nuclei are more massive and move slower than the electrons, one can divide the total system into a slow part (nuclei) and a fast part (electrons). These two parts are only weakly coupled and suitable for a perturbative treatment with a naturally arising small parameter defined by the mass ratio of electrons and nuclei. 4 The total Schrödinger equation for a molecule reads
Here, Tnuc and T el denote the kinetic energy operators of nuclei and electrons, respectively, and V stands for all nuclei-nuclei, electron-electron, and nuclei-electron interactions.
For every fixed nuclear position R, we can choose a complete set |n(R) , n = 1, . . . , N, 5 for the electronic part of the quantum state. In these states, R appears as a parameter only. To be more general, we should also include time t into this state. We hence have a basis |n(R, t) for each fixed nuclear configuration R and fixed time t. Let us denote the nuclear configuration space as S, such that the whole 'background space' is S ⊗ R.
By the assumption of completeness for every configuration R we can write for the total state
with a set of components χ n (R, t). Defining
we get by multiplying (3) with R| and using (4) the following Schrödinger equation for |ψ(R, t) :
where
The mass M denotes some average mass (e.g. the reduced mass) of the nuclei, and the label R a vector of all nuclear coordinates, which are in general mass weighted. For simplicity, we abbreviate the state |n(R, t) by |n . If we define
we can write |ψ , Eq. (5), as |ψ = eχ.
Like any such product, |ψ possesses a GL(N, C) invariance of the form
for an arbitrary non-degenerate matrix C(R, t) ∈ GL(N, C).
The gauge group of molecular physics is obtained by choosing {|n } to form a local orthonormal basis; in this way, GL(N, C) is reduced to the unitary group U(N, C). The usual Born-Oppenheimer approach uses for the {|n } the stationary 6 orthonormalized eigenstates of the 'electronic' Hamiltonian H 0 defined in (7) . This corresponds to choosing a particular representative of the unitarily equivalent set of orthonormal bases {|n }.
Let us consider the time-dependent Schrödinger equation (6) . Inserting
(which is a shorthand writing of (5)) and contracting with n| from the left, we get by the orthonormality of the |n the following equations for the χ n :
where the Laplacian ∇ 2 R acts on everything on its right, and H n 0 m := n|H 0 |m . It is appropriate to define the following quantities:
The τ are the usual Mead-Berry connections [10, 11] . 7 As we will show here, see (20) below, τ and ǫ together lead to a single connection on S ⊗ R. We note that both τ and ǫ are skew-hermitian; considered as a connection, they thus have the unitary group as gauge group.
If we use again the column vector notation introduced in (8), we find for χ the equation
Note that τ and ǫ are now matrices that appear as connections on S ⊗R. 8 Equation (13) is a consistency condition on the nuclear wave functions χ, which has to be satisfied if the |n are orthonormal for every point in S ⊗ R.
We note that in the usual Born-Oppenheimer framework, one chooses timeindependent eigenstates with H 0 |n = en |n (without the factor e −i/ en(R)t ). For 6 These are the states without the time-dependent phase e − i E(R)t . 7 Sometimes the imaginary unit is included in the definition. 8 To our knowledge, one has in the literature so far only interpreted τ as a connection.
these states ∂ t |n = 0, and hence ǫ n m = i δ n m en. Equation (13) then reduces to the time-dependent form of the Born-Oppenheimer approach:
with e = diag(e 1 , e 2 , . . .). One usually also considers the stationary Schrödinger equation for the full state. In this case, the full eigenvalue E occurs on the lefthand side of (11). Equation (13) then reduces to the well-known form [10, 11] 
One can interpret (14) and (15) as resulting from a choice of gauge in (13) . All these equations are unitarily related. Let us check that the connections defined in (12) indeed transform correctly under a unitary transformation (as also done e.g. in [10] for τ alone). Writing again the basis |n as a row vector, and e = (|1 , |2 , . . .), we have again |ψ = eχ. The modified Schrödinger equation (13) should be invariant under all transformations that leave e orthonormal (in the quantum sense), that is, under unitary transformations depending on nuclear coordinates and time. For a unitary transformation of the form
the corresponding bra transforms such that the orthonormality n|m = δ n m is preserved:
In order for |ψ to be invariant under such a transformation, we have to demand that χ transforms just as n|:
In vector notation this reads e → eU,
Let us now see how the τ and ǫ-matrices transform under gauge transformations. We find
which are the correct transformation laws for a connection. If we now define a 'spacetime connection' ω as
we see that ω transforms as a connection on S ⊗ R. We note again that the gauge group is the unitary group, as the connection ω is skew-hermitian. This is the same group that leaves the form of equation (13) (13) is unitarily equivalent to a theory with τ = ǫ = 0. It turns out that the answer is no. If we consider the curvature Θ associated with the spacetime connection (20), we find after some calculations that its non-zero components read
where D i denotes the covariant derivative with respect to the connection defined by ω. Even if we choose a frame with τ = 0 (and thus have D i = ∂ i ), we see that Θ would only vanish if H 0 was independent of R, which is clearly not the case. How do we interpret the result Θ = 0? It means that there is no choice of frame, that is, of orthonormal bases |n , such that χ obeys the equation of free nuclei. This is physically very natural: an interacting theory is not unitarily equivalent to a free theory. With a view on quantum gravity, one should note, however, that we actually started with a GL(N, C) invariance, so using this larger invariance one can certainly choose χ to obey a free Schrödinger equation. Yet this would spoil the normalization of the |n . In other words: if we put χ in a state with τ = ǫ = 0, normalization of the |n cannot be imposed for all configurations on S ⊗ R. This will become important for the situation in quantum gravity, to which we will now turn.
3 Semiclassical limit with vacuum gravity background
Quantum gravitational corrections to the functional Schrödinger equation
In this subsection, we will extend the scheme developed in [3] to higher orders. We start by defining the quantity
which corresponds to the pure gravitational part in (1). The scheme employed in [3] corresponds to choosing a wave functional χ (i.e. fixing a gauge) in (2) with ρχ = 0. That is, the arising picture is one in which the semiclassical background is a solution of the vacuum Einstein field equations on which the quantum matter fields described by ψ propagate. One can, of course, generalize the scheme in order to accommodate matter degrees of freedom that contribute to ρχ = 0 and thus represent a semiclassical matter part. In such a case, the approximation scheme does not proceed with respect to M −1 , but with respect to another appropriate parameter; recent examples are the cases of de Sitter inflation [13] and of slow-roll inflation [14] .
It is important to note that even though ρχ = 0 resembles the vacuum WheelerDeWitt equation, one has to be careful in interpreting this χ as a physically meaningful functional within our framework. For example, it would be hard to interpret a similar choice in molecular physics: without the interactions of electrons and nuclei, no stable molecule could exist. For the gravitational case, the situation is not as severe: it is certainly consistent to have a vacuum solution of the Einstein equations on which the (metric-dependent) matter fields evolve. Still, the choice ρχ = 0 neglects possible back reaction terms from the matter sector to the 'background' part.
If we make a WKB-like ansatz analogously to [3] ,
that is,
we get at orders M 1 and M 0 of the equation ρχ = 0 the following equations, respectively, 1 2
G ab δσ 0 δha
Equation (24) 
The many-fingered time τ (x) is not a scalar, but becomes one after spatial integration [1] . With this definition, it follows from (24) that the τ -τ component of the DeWitt metric becomes Gττ = −1/2V . 10 It is interesting to note that all orders of ρχ = 0 will lead to equations that determine only the gradients of the other σ j 's along the τ -direction, δσ j /δτ , and not the other components; this can be seen from (25) and from Table 1. The σ j for j > 1 are hence only defined up to the addition of an arbitrary τ -independent functional. Such additional terms do not follow from the previous orders, so their form depends solely on the boundary conditions [5] .
Plugging (2) into (1), we find With the choice ρχ = 0, we can now obtain from (27) with the definition of the time derivative in (26) and the definition of P in (22) an equation for the time evolution of ψ:
One can proceed further by demanding that the gradient of ψ is proportional to the gradient of σ 0 as suggested in [3] , which is some sort of adiabatic approximation in superspace; that is,
for some functional α[h]. Equation (24) 
Using this definition together with (25) and expressing the second time-derivatives in (28) with the Hamiltonian by using again (30), equation (28) reduces to the following compact expression:
This equation is the full functional Schrödinger equation for ψ including all quantum gravitational corrections within the vacuum gravity (ρχ = 0) approximation. Note that the Hamiltonian H appears on both sides of (31), so it is also an implicit equation for the Hamiltonian itself. As we see, it correctly reproduces the limit of quantum field theory in a fixed curved background spacetime at zeroth order in M −1 . The equations at any other order in M −1 can be found from (31) in a straightforward way by iteration.
We see that this equation is not only an equation for the dynamics of ψ, but can also be used for determining the Hamiltonian H itself. For simple cosmological models one could try to solve (31) for H as a differential equation in time. Within a semiclassical approximation, one could assume that H is a function of Hm alone, which resembles a restriction to the one-particle sector of the theory [3] , and further expand H and Hm in M −1 . This approach is in fact in the spirit of the traditional Born-Oppenheimer approximation [8] . For instance, the first order correction to (31) is i δψ δτ
as presented in [3] . It should be noted that (31) is independent of any factor ordering ambiguities, as the ga-term has canceled due to (25). It is also interesting to note that the same expression, equation (31), is obtained if we assume that all σ i , V , and ψ only depend on τ such that we consider only the τ and τ -τ components of ga and G ab and drop all other components from the beginning in equation (1). This is at first glance rather surprising, and seems to be a direct consequence of (25), whose form in either case assures that all additional terms are canceled. However, we see that (24) has a solution of the form τ = V and
(recall that Gττ = −1/2V ). In this case, σ 0 and V indeed only depend on τ .
Problems with unitarity
We recognize from (31) that the gauge choice ρχ = 0 leads to a non-unitary time evolution for ψ at order M −1 and higher. In applications to cosmological models, the unitarity violating terms have often been neglected as they are small compared to the unitary terms [17, 7, 14] . We can see two reasons for the occurrence of non-unitarity directly in this equation. First, the Wheeler-DeWitt equation is a Klein-Gordon type of an equation, whose unitary time evolution (with repect to the usual quantum mechanical inner product) is spoiled due to the second time derivatives, giving rise to the term i δH δτ in (31); see equation (3.13) in [18] . Secondly, the choice ρχ = 0 leads to the term i KH.
The major problem at this stage is then the physical interpretation of ψ with a non-unitary time evolution: is ψ really the physical quantity described by the functional Schrödinger equation plus quantum gravitational corrections? If yes, the gauge choice ρχ = 0 has physical meaning above all other physical requirements on our semiclassical limit. Then unitarity violation is physical for ψ. Yet, the only important guiding principles we have is to recover the correct classical limit (Hamilton-Jacobi equation) and the functional Schrödinger equation in a fixed curved background. But the condition ρχ = 0 leads to a set of additional equations at each order in M −1 , whose interpretation is not clear. In the next section we therefore show how one can, in principle, render the theory unitary by modifying the gauge choice and allowing ρχ = 0. Following the standard Born-Oppenheimer approximation (see section 2 and [5, 6] ), we shall in this section demand unitary time evolution for the matter wave function ψ, where unitarity is defined with respect to the standard Schrödinger inner product. Since the full wave functional is given as a solution to the WheelerDeWitt equation, this will modify both ψ and the gravitational wave function χ compared to the last section. We shall see that this leads to different quantum gravitational corrections at order M −1 . The main procedure is simple: we adjust the matter wave functional such that we get, order by order, a unitary evolution in WKB time. For simplicity, we will assume in this section that V and the σ i (and thus χ) only depend on the WKB time τ defined in (26), and that ψ = ψ(τ, φ), and Hm = Hm(τ, φ). This captures the essential point of unitarity restoration; for the general case, one has to include the terms discussed in [5] . In this section, we set = 1 for simplicity. The WheelerDeWitt equation then reduces to the following equation:
This form is obtained by an orthogonal decomposition of the DeWitt metric as presented in [16] . For the total wave functional, we make an ansatz similar to (2),
We assume Ψ to be of the form
and demand that ρχ 0 = O(M 0 ), where now, similar to the last section,
This leads to the Hamilton-Jacobi equation (24) for σ 0 at order M ; it also allows us to keep the definition (26) for τ ; hence, Gττ = −1/2V as before. With this new ρχ 0 , we find instead of (31),
(37) At this stage, ψ 0 experiences a non-unitary time evolution as before. In order to remedy this, we could split the Hamiltonian H into hermitian and anti-hermitian parts, H = H H + H N , and redefine the wave functional such that the new one evolves unitarily. In case that the Hamiltonian commutes at different times, this can be achieved by ψ = exp(i dτ H N )ψ 0 , leading to iδψ/δτ = H H ψ. The wave functional ψ can then be interpreted as a physical wave functional. This would, however, only be possible if we knew H, which is in general not the case. We will thus follow here an alternative route and show how (37) can be solved iteratively by demanding unitarity for the matter wave functions at each order.
Let us define two functions E(τ ) and ε(τ ) such that Hψ 0 = Eψ 0 and Hmψ 0 = εψ 0 ; E is in general complex, but ε is always real. The second equation means that we have to solve the matter Schrödinger equation and take ψ 0 as an eigenfunction of Hm. Let us further expand these functions in the spirit of Born and Oppenheimer as
and similarly for ε. Inserting these expansions into (37) yields for the first two orders:
in the last line, the expression for E (0) should be plugged in to get an expression for E (1) in terms of ε (0) and ε (1) . Next we define
so that ψ 1 obeys a unitary Schrödinger equation at order M 0 , that is, i
. The total wave function thus reads
Note that if gτ = 0, one can integrate the exponent to yield ) and higher. If we write, similar to our discussion above, χ 1 = exp(iMσ 0 + σ 1 ), we can read off (25) directly from the exponent of (41):
In the next order, we define in an analogous way
where in the last step we have performed a partial integration and omitted a constant. We see that the gτ -term has dropped out in this step. We hence get a new expression for the total wave function:
which we would also get from (39) if we considered only the real part. Hence, as expected, the two methods lead us to the same result if we require unitary time evolution for ψ. At order M −1 , the energy ε, introduced above as the eigenvalue corresponding to Hm, is thus shifted by quantum gravitational corrections; this shift is given by (recall that a factor M −1 must be added to the terms on the right-hand side in (48) to get the energy)
(49) The only relevant term is the contribution proportional to ε 2 , because the other terms are matter-independent. This relevant term is, in fact, the term that was used to calculate the quantum gravitational correction to the power spectrum of the cosmic microwave background (CMB) anisotropies [7, 14, 17] . In these papers, the first method was used and the unitarity-violating terms were neglected by hand. This procedure can be justified by the discussion presented here.
Discussion
Let us summarize the main results of our paper. We have investigated semiclassical (Born-Oppenheimer type of) approximation schemes for the WheelerDeWitt equation of canonical quantum gravity. The analogous situation in molecular physics was reviewed with an emphasis on the gauge freedom that arises within this framework. Although the total entangled quantum state of electrons and nuclei is always the same, this gauge freedom allows to shift terms between the electronic and nucleonic parts. Requiring unitarity separately for the electronic part, we get a definite expression for the back reaction onto the nuclei; this is the usual Born-Oppenheimer approximation.
The Born-Oppenheimer like ansatz for the total wavefunctional entails a similar gauge freedom for the Wheeler-DeWitt equation. As in molecular physics, a straightforward expansion in terms of the inverse Planck-mass squared without back reaction of matter on gravity spoils unitarity in the matter sector. 12 We have discussed this scheme and extended it to all orders in the expansion parameter. We then have modified the expansion scheme by using the gauge freedom to guarantee unitary evolution for the matter sector. This is closer in spirit to the standard Born-Oppenheimer scheme and leads to back reaction terms for the gravitational part. This point of view was taken in [4, 5, 6] . A concrete normalization of the matter states is not needed -the important thing is the unitary development. We note that the issue of avoiding unitarity violating terms also occurs when performing a non-relativistic expansion for the Klein-Gordon equation in external electromagnetic and gravitational fields [19] .
A good understanding of the semiclassical approximation to quantum gravity is of fundamental importance for two main reasons. On the theoretical side, it provides a bridge between full quantum gravity and established physics. One can apply this scheme not only to quantum general relativity with minimally coupled fields, but also to scalar-tensor theories [20] , Weyl gravity [21] , and others. On the observational side, first tests of quantum gravity will most likely occur from small correction terms that modify the usual limit of quantum field theory in curved spacetime [13, 14] . For this purpose, it is of great importance to develop and compare approximation schemes like the ones discussed here and investigate their empirical consequences.
